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Abstract
In this paper we define and study MT-maps, which are the fibrewise topological analogue of
metrizable spaces, i.e., the extension of metrizability from the category Top to the category TopY .
Several characterizations and properties of MT-maps are proved. The notion of an MT-space as an
MT-map preimage of a metrizable space is introduced. Examples of MT-spaces and their relation
with M-spaces are given. Finally it is deduced that an MT-space with a Gδ -diagonal is metrizable.
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1. Preliminaries
Fibrewise General Topology or General Topology of Continuous Maps is concerned
most of all in extending the main notions and results concerning spaces to continuous
maps. In this way one can see some well-known results in a new and clearer light and
one can also be led to further developments which otherwise would not have suggested
themselves. This is usually done in the following way.
For an arbitrary topological space Y one considers the category TopY , the objects of
which are continuous maps into the space Y , and for the objects f :X→ Y and g :Z→ Y ,
a morphism from f into g is a continuous map λ :X→ Z with the property f = g ◦ λ.
This is denoted by λ :f → g. We note that this situation is a generalization of the category
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Top (of topological spaces and continuous maps as morphisms), since the category Top is
isomorphic to the particular case of TopY in which the space Y is a singleton set.
In defining properties of a continuous map f :X→ Y one does not directly involve
any properties on the spaces X and Y (except the existence of a topology). Such were the
definitions given in [3,4,14,16] for the separation axioms, compactness, paracompactness,
weight and others. In most cases there is some choice in defining these properties and one
usually prefers the simplest and the one that gives the most complete generalization of the
corresponding results in the category Top. It would be beneficial to have a more systematic
way of extending definitions and results from the category Top to the category TopY and
some hope is provided by the link between fibrewise topology and topos theory [7,8,10,
11]. Unfortunately, as was noted in [6], this approach has several drawbacks.
Research in the general topology of continuous maps showed a strong analogy in the
behaviour of spaces and maps and it was possible to extend the main notions and results
of spaces to that of maps. Most of the results obtained so far in this field can be found in
[3,4,6,9,14,15], where one can also find an extensive bibliography on the subject.
Unless otherwise stated, Y is a fixed topological space with topology τ . The collection
of all neighborhoods (nbd(s)) of a point y ∈ Y is denoted by N(y). A morphism λ :f → g
is called surjective, closed, perfect, etc., if, respectively, such is the map λ :X→ Z. If
[λX] = Z then the morphism λ is said to be dense and if λ :X→ Z is a homeomorphism
then the morphism λ is said to be an isomorphism. Here by [ · ] or [ · ]X we mean the
closure operator in the respective space.
We now give some definitions and results concerning maps. For more details one can
consult [6] and [15].
Definition 1.1. A continuous map f :X→ Y is called a Ti -map, i = 0,1,2, if for all
x, x ′ ∈ X such that x 6= x ′, f x = f x ′ the following condition is, respectively satisfied:
i = 0: at least one of the points x, x ′ has a nbd in X not containing the other point;
i = 1: each of the points x, x ′ has a nbd in X not containing the other point;
i = 2: the points x and x ′ have disjoint nbds in X.
A T2-map is also called Hausdorff. We note that for i = 0,1 the property for a map
f :X→ Y to be a Ti -map, is equivalent to the property that all the fibers f−1y , y ∈ Y , are
Ti -spaces. This is not the case for T2-maps.
Definition 1.2. The subsets A and B of the space X are said to be, respectively:
(a) nbd separated in U ⊂X,
(b) functionally separated in U ⊂X,
if the sets A∩U and B ∩U
(a) have disjoint nbds in U ,
(b) are functionally separated in U (i.e., there exists a continuous function φ :U →
[0,1] such that A∩U ⊂ φ−1(0) and B ∩U ⊂ φ−1(1)).
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Definition 1.3. A continuous map f :X→ Y is called completely regular (regular), if for
every point x ∈X and every closed set F in X, x /∈ F , there exists a nbdO ∈N(f x), such
that the sets {x} and F are functionally separated (nbd separated) in f−1O . A completely
regular (regular) T0-map is called Tychonoff or T3 12 - (T3-) map.
It can be easily verified that every Tj -map is a Ti -map for j, i = 0,1,2,3,3 12 and i 6 j .
Definition 1.4. A continuous map f :X→ Y is called functionally prenormal (prenormal)
if for every y ∈ Y and every two disjoint, closed sets F and H in X, there existsO ∈N(y)
such that F and H are functionally separated (nbd separated) in f−1O . If for every
O ∈ τ , the map f |f−1O :f−1O → O is functionally prenormal (prenormal) then f is
called functionally normal (normal). A normal T3-map is called a T4-map.
Remark 1.5. In [6] a functionally prenormal (prenormal) map in the sense of Defini-
tion 1.4 is called a functionally normal (normal) map. We will use the terminology of
Definition 1.4 as is [15].
The following results can be found in [15].
Proposition 1.6. If a map f :X→ Y is closed we have:
(a) If for every y ∈ Y , every x ∈ f−1y and every closed (in f−1y) set A, such that
x /∈A, the sets {x} and A are nbd separated in X, then f is regular.
(b) If for every y ∈ Y , every two disjoint, closed (in f−1y) sets are nbd separated in X,
then f is normal.
Remark 1.7. The above proposition shows that a closed normal T1-map is T3 and thus T4.
Proposition 1.8. If a space X is (a) a Ti -space, i = 0,1,2, (b) regular, (c) completely
regular, then a continuous map f :X → Y is, respectively (a) a Ti -map, i = 0,1,2,
(b) regular, (c) completely regular.
Proposition 1.9. A continuous map of a (a) normal space is functionally prenormal,
(b) hereditary normal space is functionally normal.
Proposition 1.10. If a space Y and the map f :X→ Y are: (a) a Ti -space and a Ti -
map, respectively i = 0,1,2, (b) regular, (c) completely regular, then the space X will be,
respectively (a) a Ti -space, i = 0,1,2, (b) regular, (c) completely regular.
Finally we give the definition of submaps and compact maps [16].
Definition 1.11. The restriction of the map f :X→ Y on a (closed, etc.) subset of the
space X is called a (closed, etc.) submap of the map f .
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Definition 1.12. By a compact map is meant a perfect (i.e., continuous, closed and
fibrewise compact) map.
Note that a closed submap of a compact map is compact.
2. MT-maps: definition, characterizations and invariance
We first give some results and definitions with respect to paracompact maps which one
can find in [3].
Let f :X→ Y be a continuous map of a topological space X into a topological space
(Y, τ ). For y ∈ Y , a collection of subsets of X is said to be y-locally finite if for every
x ∈ f−1y , there exists a nbd Ox of x in X, such that Ox meets finitely many elements of
the collection. If the collection U = {Uα: α ∈A} is a y-locally finite open in X collection,
then U is locally finite in ⋃x∈f−1y Ox , i.e., for every z ∈⋃x∈f−1y Ox , z has a nbd in X
which meets finitely many elements of U . In particular, if f is closed and U covers f−1y ,
then there exists a nbd Oy ∈ N(y) such that U is a cover of f−1Oy and is locally finite
in f−1Oy , that is for every z ∈ f−1Oy , z has a nbd in f−1Oy (and so in X) such that it
intersects finitely many elements of U .
Definition 2.1. A continuous map f :X → Y is said to be paracompact if for every
point y ∈ Y and every open (in X) cover U = {Uα: α ∈ A} of the fibre f−1y (i.e.,
f−1y ⊂⋃{Uα: α ∈ A}), there exists a nbd Oy of y such that f−1Oy is covered by U
and (f−1Oy ∧ U) has a y-locally finite open refinement.
Note that if f is paracompact then it is a closed map and is fibrewise paracompact, i.e.,
for every y ∈ Y , f−1y is paracompact. The converse of this statement is not true even for
Tychonoff maps, that is there is a closed Tychonoff map with paracompact fibers which
is not paracompact (Example 2.10). Also every compact map is paracompact, and every
closed submap of a paracompact map is paracompact.
Proposition 2.2. A paracompact T2-map is regular and normal (and so is a T4-map).
Definition 2.3. Let f :X→ Y be a continuous map and y ∈ Y . Let U be an open (in X)
cover of f−1y . The collection V of subsets of X is said to be a y-star refinement of U if
V ∩f −1y 6= ∅ for every V ∈ V and there exists a nbdOy ∈N(y) such that⋃V = f−1Oy ,
U covers f−1Oy and {St(V ,V): V ∈ V}< U ∧ f−1Oy .
We finally give some characterizations of paracompact maps obtained in [3] which we
will need below.
Theorem 2.4. For a T1-map f :X→ Y the following are equivalent:
(i) The map f is paracompact T2.
(ii) For every y ∈ Y and every open (in X) cover U of the fibre f−1y , there exists an
open y-star refinement V .
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(iii) The map f is regular and for every y ∈ Y and every open (in X) cover U of the
fibre f−1y , there exists a nbd Oy ∈ N(y) such that f−1Oy is covered by U and
(f−1Oy ∧ U) has a y-σ -discrete open refinement.
We now define collectionwise normality for maps.
Definition 2.5. A T1-map f is said to be collectionwise prenormal if for every discrete
collection {Fs : s ∈ S} of closed subsets of X and for every y ∈ Y , there exist Oy ∈ N(y)
and a collection of open subsets {Us : s ∈ S}, such that Fs ∩ f−1Oy ⊂ Us and Us are
discrete in f−1Oy . The map f is said to be collectionwise normal if for every O ∈ τ , the
map f |f−1O :f−1O→O is collectionwise prenormal.
Proposition 2.6. A T1-map f is collectionwise normal if and only if for everyO ∈ τ , every
closed discrete (in f−1O) collection {Fs : s ∈ S} and every y ∈O , there existsOy ∈N(y),
Oy ⊂O such that {Fs ∩ f−1Oy : s ∈ S} are nbd separated.
Proof. Let O ∈ τ and {Fs : s ∈ S} a discrete collection of closed subsets of f−1O . Let
y ∈ O . There exists an open set Oy ⊂O such that {Fs ∩ f−1Oy} are nbd separated, say
by {Us : s ∈ S}. Let
A=
⋃
s∈S
(Fs ∩ f−1Oy) and B = f−1Oy \
⋃
s∈S
Us.
These two sets are closed and disjoint in f−1Oy and so, since f is normal, there exists open
setsU and V inX, and an open setO ′y in Y such that,A′ ⊂U ⊂ f−1O ′y , B ′ ⊂ V ⊂ f−1O ′y
and V ∩U = ∅, whereA′ =A∩f−1O ′y andB ′ = B∩f−1O ′y . Now consider Vs = Us∩U .
We have that Fs ∩ f−1O ′y ⊂ Vs and the collection {Vs : s ∈ S} is discrete in f−1O ′y . 2
Proposition 2.7. Every paracompact T1-map is collectionwise normal.
Proof. Let f :X→ Y be a paracompact map and let O ∈ τ . Consider the restriction
f |f−1O :f−1O→ O and let {Fs : s ∈ S} be a discrete in f−1O collection of closed (in
f−1O) subsets of f−1O . Take an arbitrary point y ∈ O . For every x ∈ f−1y choose
a nbd Hx ⊂ f−1O of x which meets at most one set of the collection {Fs : s ∈ S}.
Let H = {Hx: x ∈ f−1y}, then H is an open (in f−1O and so in X) cover of f−1y .
Let V be an open y-star refinement of H. One can assume that V consists of open
subsets of f−1O , say V = {Vt : t ∈ T }. Thus, there exists Oy ⊂ O , Oy ∈ N(y) such
that {St(Vt ,V): t ∈ T } < H ∧ f−1Oy . We show that every element of V meets at most
one element of the collection {Gs : s ∈ S}, where Gs = St(Fs,V). For every t ∈ T ,
there exists an x ∈ f−1y such that St(Vt ,V) ⊂ Hx ∩ f−1Oy and so if Vt ∩Gs 6= ∅ then
Hx ∩Fs 6= ∅. 2
Definition 2.8. The sequenceW1,W2, . . . of open (in X) covers of f−1y , y ∈ Y , is said
to be a y-development if for every x ∈ f−1y and every nbd U(x) of x in X, there exist
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i < ω and O ∈ N(y) such that x ∈ St(x,Wi ) ∩ f−1O ⊂ U(x). One can assume that
Wi = {Wiα : α ∈ Ai}, where Wiα ∩ f−1y 6= ∅, for every i < ω and for every α ∈ Ai .
The map f is said to have an f -development if it has a y-development for every y ∈ Y .
We now give our definition of a metrizable type map.
Definition 2.9. A closed map f :X→ Y is said to be an MT-map if it is collectionwise
normal and has an f -development.
We thus see that an MT-map f is closed, T4 and has metrizable fibers. We now give an
example of a T3 12 closed map with metrizable fibers which is not an MT-map.
Example 2.10. Let L be the Niemytzki plane and let L1 ⊂ L be the line y = 0. Then
L1 is closed in L and so the quotient map q :L→ L/L1 is a closed map. The map q is
Tychonoff since L is Tychonoff and every fibre of q is metrizable. Since there exist closed
in L subsets A ⊂ L1 and B ⊂ L1 which are not nbd separated, we have that q is not a
prenormal map, and so cannot be an MT-map.
Definition 2.11. A collection By of open sets of X is said to be a base at y for the map
f , y ∈ Y , if for every x ∈ f−1y and every open nbd U(x) of x there exist O ∈N(y) and
B ∈ By such that x ∈ B ∩ f−1O ⊂ U(x). One can assume that for every B ∈ By we have
B ∩ f−1y 6= ∅.
Thus Bf = {By: y ∈ Y }, where By is a base at y for f , will give a base for the map f .
Conversely, if Bf is a base for f , by taking Bf (y)= {B ∈ Bf : B ∩ f−1y 6= ∅} one gets a
base at y ∈ Y for the map f .
Theorem 2.12. For a continuous map f :X→ Y the following are equivalent:
(1) f is an MT-map;
(2) f is a closed T3-map with a y-σ -discrete y-base for every y ∈ Y ;
(3) f is a closed T3-map with a y-σ -locally finite y-base for every y ∈ Y .
Proof. We prove only implication (1) ⇒ (2). The implication (2) ⇒ (3) is trivial and
(3)⇒ (1) follows on the same footsteps as the proof of the analogous result in the category
Top.
We need to show that every MT-map f has a y-σ -discrete y-base for every y ∈ Y .
We first show that every MT-map is paracompact. Let y be an arbitrary point of Y and
{Us : s ∈ S} be an open cover of f−1y . Take a well-ordering relation ≺ on the set S and
let
Fs,i =X \
{
St(X \Us,Wi )∪
⋃
s ′≺s
Us ′
}
,
whereWi , i < ω is a y-development. The sets Fs,i are closed in X. Consider
F ′s,i = Fs,i ∩
(⋃
Wi
)
⊂Us ∩
(⋃
Wi
)
.
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Fix an i < ω. There exists an open (in Y ) set Oy(i) ∈N(y) such that f−1Oy(i)⊂⋃Wi .
Then F ′i = {F ′s,i ∩ f−1Oy(i): s ∈ S} is a collection of closed (in f−1Oy(i)) sets. We
now show that it is a y-discrete collection. Let x ∈ f−1y and denote by s(x) the smallest
element in S such that x ∈Us(x). Consider the nbd of x , Us(x)∩St(x,Wi). This nbd meets
only one element of the collection F ′i , namely the set F ′s(x),i ∩ f−1Oy(i). Thus F ′i is y-
discrete.
Now take an O ′y(i) ∈ N(y) such that f−1O ′y(i) ⊂
⋃{Us(x) ∩ St(x,Wi): x ∈ f−1y}
with O ′y(i) ⊂ Oy(i). Then F ′′i = F ′i ∩ f−1O ′y(i) is a discrete and closed (in f−1O ′y(i))
collection and so, by collectionwise normality, there exist open sets Us,i such that F ′s,i ∩
f−1O ′y(i)⊂Us,i ⊂Us∩f −1O ′y(i), for s ∈ S and i < ω, and the collection {Us,i: s ∈ S} is
y-discrete for every i < ω. Since {F ′s,i: s ∈ S , i < ω} forms a cover of the subset f−1y , we
get that {Us,i: s ∈ S , i < ω} is a y-σ -discrete open refinement of {Us : s ∈ S}. Therefore,
f is a paracompact map.
Finally, by taking a y-σ -discrete open refinement of Wi for every i < ω, one gets a
y-σ -discrete y-base. 2
Note that in the proof of Theorem 2.12 we proved that an MT-map is paracompact.
We now turn to other characterizations of MT-maps analogous to characterizations of
metrizable spaces in terms of strong and normal developments. We first give some
definitions.
Definition 2.13. The sequenceW1,W2, . . . of open (in X) covers of f−1y , y ∈ Y , is said
to be a strong y-development if for every x ∈ f−1y and every nbd U(x) of x in X, there
exist a nbd V (x) of x in X, i < ω and O ∈ N(y) such that x ∈ St(V (x),Wi ) ∩ f−1O ⊂
U(x). One can assume thatWi = {Wiα : α ∈Ai}, where Wiα ∩ f−1y 6= ∅, for every i < ω
and for every α ∈Ai . The map f is said to have a strong f -development if it has a strong
y-development for every y ∈ Y .
Definition 2.14. Let W1,W2, . . . be a y-development for y ∈ Y . If Wi+1 is a y-star
refinement of Wi for every i < ω, then the y-development is said to be a normal y-
development. The map f is said to have a normal f -development if it has a normal y-
development for every y ∈ Y .
Theorem 2.15. For a continuous map f :X→ Y the following are equivalent:
(1) f is an MT-map;
(2) f is a closed T0-map with a strong f -development;
(3) f is a closed T0-map with a normal f -development.
Proof. (1) ⇒ (3) We have already proved that an MT-map is paracompact and so the
f -development can be arranged into a normal f -development.
(3) ⇒ (2) Take an arbitrary y ∈ Y and let Wi , i < ω, be a normal y-development.
Then for every x ∈ f−1y and every nbd U(x) of x , there exists an O ∈ N(y) and i < ω
such that x ∈ St(x,Wi )∩ f−1O ⊂U(x). We also have that {St(W,Wi+1): W ∈Wi+1}<
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Wi ∧ f−1O ′, for some O ′ ∈ τ . Consider O ′′ =O ∩O ′ and any V ∈Wi+1, x ∈ V . Then
we get that x ∈ St(V ,Wi+1)∩ f−1O ′′ ⊂W ∩ f−1O ′′ ⊂U(x), for some W ∈Wi .
(2)⇒ (1) Let f :X→ Y be a closed T0-map with a strong f -development. We show
that in this case f is collectionwise normal. We first note that since each fibre is metrizable
we have that f is a T1-map. Now let O ∈ τ and F = {Fs : s ∈ S} a closed discrete (in
f−1O) collection. Take any y ∈O ⊂ Y . We may assume thatWi+1 refinesWi ∧f−1O(i)
for every i < ω, where O(i) ∈ N(y) and O(i + 1) ⊂ O(i). Also, since {Wi} is a strong
y-development, we have the following condition: For every x ∈ f−1y and every nbd U(x)
of x , there exist an i(x) < ω and O ′ ⊂O(i(x)) such that
St2(x,Wi(x))∩ f−1O ′ ⊂U(x),
where St2(x,Wi )= St(St(x,Wi),Wi ).
Now for Fs ∈ F and x ∈ Fs ∩ f−1y , let i(x) be such that St2(x,Wi(x)) ∩ f−1O(x),
O(x)⊂O(i(x)), does not meet any Fs ′ ∈F , s 6= s′. Let
V (x)= St(x,Wi(x))∩ f−1O(x).
Then if x ∈ Fs and x ′ ∈ Fs ′ 6= Fs , we get that V (x) ∩ V (x ′) = ∅. Since if V (x ′) =
St(x ′,Wi(x ′))∩f−1O(x ′) and say, without loss of generality, that i(x ′)> i(x), we get that
O(x ′) ⊂ O(i(x ′)) ⊂ O(i(x)). Thus, if say z ∈ V (x) ∩ V (x ′), we have z ∈ f−1O(i(x))
and z ∈W ′ ∈Wi(x ′), x ′ ∈W ′. But W ′ ⊂W ∩ f−1O(i(x)), for some W ∈Wi(x), which
implies that z ∈W ∩V (x)=W ∩St(x,Wi(x))∩f−1O(x) 6= ∅ and so x ′ ∈ St2(x,Wi(x))∩
f−1O(x), which is a contradiction. Now let
U(Fs)=
⋃{
V (x): x ∈ Fs ∩ f−1y
}
and for every x ∈ f−1y \⋃F let U(x) be a nbd of x which does not meet any Fs ∈ F .
Since f is closed we conclude that there exists a nbd O∗ ∈ N(y) such that O∗ ⊂O and
{Fs} are nbd separated in f−1O∗. 2
The following four theorems follow easily from the corresponding results in the theory
of general topological spaces, that is in the category Top.
Theorem 2.16. If f :X→ Y is an MT-map, then the following are equivalent:
(1) f has a countable y-base for every y ∈ Y ;
(2) f is a Lindelöf map, that is a closed T3-map with finally compact fibers [3];
(3) f−1y is separable for every y ∈ Y .
Theorem 2.17. If f :X→ Y is an MT-map, then the following are equivalent:
(1) f is compact;
(2) f−1y is countably compact for every y ∈ Y ;
(3) f−1y is sequentially compact for every y ∈ Y .
Thus every compact MT-map has separable fibers.
Theorem 2.18. A compact T2-map is an MT-map if and only if it has a countable y-base
for every y ∈ Y .
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Theorem 2.19. A map f with a countable y-base for every y ∈ Y is an MT-map if and
only if it is closed and T3.
We now prove that the MT-property is invariant under perfect morphisms.
Proposition 2.20. Let f :X→ Y be an MT-map and g :Z→ Y a continuous map. Then
if λ :f → g is a perfect morphism of f onto g, g is also an MT-map.
Proof. In [3] it is proved that under the above hypothesis the map g is paracompact T2
(and so T4 and closed). We now construct a y-σ -discrete base in g−1y for an arbitrary
point y ∈ Y .
Let {Gi : i < ω} be a normal y-development in f−1y . For an arbitrary point z ∈ g−1y
consider Ui(z) = St(λ−1z,Gi ), Wi(z) = Z \ λ(X \ Ui(z)) and Vi(z) = λ−1(Wi(z)) ⊂
Ui(z). It follows from definition that Uj(z) ⊂ Ui(z) if j > i . The collection Wi =
{Wi(z): z ∈ g−1y} is an open (in Z) cover of g−1y .
Let V be an open nbd of z ∈ g−1y , then λ−1z ⊂ λ−1V . Since λ−1z is compact and
the y-development is a normal sequence, we have that there exists an i < ω for which
St(λ−1z,Gi )∩f−1O ⊂ λ−1V for some nbdO ∈N(y). This implies thatWi(z)∩g−1O ⊂
V and so {Wi(z): i < ω} is a nbd f -base for each z ∈ g−1y . We now show that for each
Wi(z) there exists a j < ω such that⋃{
Wj(p): z ∈Wj(p)
}⊂Wi(z).
There exist anO ∈N(y) and a j > i+1 such that Uj(z)∩f−1O ⊂ Vi+1(z)⊂Ui+1(z).
Consider a point p ∈ g−1y such that z ∈ Wj(p). We have that λ−1z ⊂ λ−1Wj(p) =
Vj (p) ⊂ Uj (p) = St(λ−1p,Gj ). Thus for every x ∈ λ−1z, there exists a G(x) ∈ Gj
with x ∈ G(x) and G(x) ∩ λ−1p 6= ∅. This implies that Uj(z) ∩ λ−1p 6= ∅ and that
λ−1p ⊂ Vi+1(z), since Vi+1(z) contains λ−1λx if it contains x .
Now let q ∈ Wj(p). Since λ−1q ⊂ Uj(p) we have that for every x ∈ λ−1q there
exists a G(x) ∈ Gj , x ∈ G(x), G(x) ∩ λ−1p 6= ∅. We have already showed that λ−1p ⊂
Vi+1(z)⊂ Ui+1(z); and so there exists an H ∈ Gi+1 with G(x)∩H 6= ∅ and H ∩ λ−1z 6=
∅. Since j > i + 1 we have that x ∈ Ui(z), which implies that λ−1q ⊂ Ui(z) and
so q ∈Wi(z). 2
In some cases, if a certain subspace Z ⊂ Y has a certain topological property and the
map f :X→ Y has the same property, then so does the subspace f−1Z ⊂X. For example,
if Z is a Ti -space and f a Ti -map, for i = 0,1,2,3,3 12, then so does the subspace f−1Z
[15]. This is also true when Z and f are compact (paracompact), that is in this case the
subspace f−1Z is compact [5] (paracompact [3]). The next example shows that this is not
the case for an MT-map, that is the MT-map preimage of a metrizable space does not have
to be metrizable.
Example 2.21. Consider the set X = I × I , where I = [0,1], equipped with the
lexicographic order and order topology. ThenX is hereditary paracompact, compact LOTS
40 D. Buhagiar et al. / Topology and its Applications 96 (1999) 31–51
which is not metrizable. Now let f :X→ Y , where Y = I with standard metric topology,
be the map f (u, v) = u, (u, v) ∈ X. Then the map f is continuous and closed. Also
f is collectionwise normal (since it is paracompact and T1) and one can check that it
has an f -development. Thus f is an MT-map onto a metrizable space, while X is not
metrizable.
With respect to Example 2.21, it will be interesting to see if there is an internal
characterization of topological spaces that can be mapped by an MT-map onto a metrizable
space. Such a characterization is given in Section 4 of this paper. To this end we now give
an example of a closed map with metrizable fibers from a space X onto a metrizable space
Y which is not an MT-map.
Example 2.22. Consider the set
D = {(x, y): (x, y) ∈R2, y > 0}
and let D1 ⊂ D be the line y = 0 and D2 = D \ D1. Let Un = {(x, y): 0 < y < 1n } for
every n < ω, and for x ∈D1 put Vn(x)= {x} ∪Un. Let B1 = {Vn(x): x ∈D1, n < ω} and
B2 the collection of all sets open in the usual topology of the plane and lying in D2. It is
not difficult to see that B = B1 ∪ B2 is a base for a topology on D and that D1 is closed in
D (with respect to this topology). Thus the quotient map q :D→D/D1 is a closed map
with metrizable fibers. It is also not difficult to see that the space D/D1 is metrizable and
that q is not a prenormal map, for the same reason as that for Example 2.10. Thus q is not
an MT-map. Note that the space D has a Gδ-diagonal but is not a T2-space.
3. Fibrewise products of MT-maps
We begin by the definition of fan products (see, for example, [1]). Fan products and
their projections (≡ fibrewise products of maps) have the same role in the category TopY ,
as Tychonoff products of spaces have in the category Top.
Definition 3.1. For the collection of continuous maps pα :Pα→ Y , α ∈A, the subspace
P =
{
t = {tα} ∈
∏
{Pα: α ∈A}: pαtα = pβtβ, ∀α,β ∈A
}
of the Tychonoff product
∏ =∏{Pα : α ∈ A} is called the fan product of the spaces Pα
with respect to the maps pα , α ∈A and is denoted by ∏{Pα rel pα: α ∈A}.
For the projection prα :∏→ Pα of the product∏ onto the factor Pα , the restriction piα
on P will be called the projection of the fan product onto the factor Pα , α ∈A. From the
definition of fan product we have that, pα ◦ piα = pβ ◦ piβ for every α and β in A. Thus
one can define a map p :P → Y , called the projection of the fan product, by
p = pα ◦ piα, α ∈A.
Obviously, the projections p and piα , α ∈A, are continuous.
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The projection p is also called the fibrewise product of the maps pα , α ∈A (since for
every point y ∈ Y , the inverse image p−1y is homeomorphic to the Tychonoff product of
the fibers p−1α y , α ∈A). The fact that p is the fibrewise product of the maps pα , α ∈A,
will be denoted by p =∏{pα: α ∈A}.
In particular, the fan product P of the spaces X and Z with respect to the maps
f :X→ Y and g :Z→ Y will be denoted by Xf ×g Z and the projections piα by piX
and piZ .
We now turn to fibrewise products of MT-maps.
Proposition 3.2. Let the maps pi :Pi→ Y, i < ω, be MT-maps. Consider the projection
p :P =∏{Pi rel pi : i < ω}→ Y . If p is closed then it is an MT-map. In other words, p
has a normal p-development and is a T0-map.
Proof. We know that for every point y ∈ Y , the inverse image p−1y is homeomorphic
to the Tychonoff product of the fibers p−1i y , i < ω. Let W ik , k < ω, be a normal y-
development for the map pi for every i < ω and consider the sequence
Wk =
{(∏
i<ω
Vi
)
∩P : Vi 6= Pi for i 6 k, in which case Vi ∈W ik
}
of open (in P ) covers of p−1y .
Now let Ut be an open in P nbd of some point t = {ti : i < ω} ∈ p−1y . Then piti = y
for every i < ω and there exists a canonical open nbd Gt =∏Ui , with Ui 6= Pi for only
a finite number of indices α(i), i = 1, . . . , n, such that t ∈ Gt ∩ P ⊂ Ut . There exists
an O ∈ N(y) and a k < ω such that St(tα(i),Wα(i)k ) ∩ p−1α(i)O ⊂ Uα(i), i = 1, . . . , n. Let
m = max{k,α(i): i = 1, . . . , n}. From this it follows that St(t,Wm) ∩ p−1O ⊂ Gt ∩ P .
We thus see thatWk , k < ω, is a y-development for the map p.
The fact that Wk is a normal sequence follows from the fact that each W ik is a normal
sequence, and the fact that p is a T0-map follows from the following two facts: (i) a map
is a T0-map if and only if the fibers are T0-spaces, (ii) the T0-property for spaces is a
multiplicative property. 2
With respect to Proposition 3.2 we are interested to know if, at least, the fibrewise
product of two MT-maps is a closed map. We give an example to show that in general
the fibrewise product of two closed maps is not a closed map.
Example 3.3. Let Xi , i = 1,2, be countably compact spaces such that their product
is not countably compact and let A be the one-point compactification of a countable
discrete space. Let the maps fi be the projections of the products Xi × A onto A, for
i = 1,2. Then fi , i = 1,2, are closed maps but their fibrewise product is not since it
coincides with the projection of the product X1 ×X2 × A onto A (see [5, Exercise 3.10
A(b)]).
Nevertheless we have the following results for the above mentioned problem.
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Corollary 3.4. If f is a compact MT-map and g is an MT-map, then the fibrewise product
p :Xf×g Z→ Y is an MT-map.
Proof. This follows from the fact that in the above hypothesis the map p is a paracompact
map and so is closed [3, Theorem 4.5]. 2
Proposition 3.5. If f :X→ Y is the fibrewise product of continuous maps fα :Xα→ Y ,
α ∈A, then
Frf−1y ⊂
∏{
Frf−1α y: α ∈A
}
, for every y ∈ Y.
Proof. Evidently, the set
Intf−1α y ×
∏{
Xβ : β ∈A \ {α}
} ∩X
is open in X and is contained in
f−1y =
∏
{f−1α y: α ∈A}. 2
Let us recall that a continuous map f :X→ Y is said to be peripherically compact
(peripherically countably compact) if Frf−1y is compact (countably compact) for every
y ∈ Y .
Corollary 3.6. The fibrewise product of closed peripherically compact maps onto a T1-
space is also closed and peripherically compact.
Proof. Let Y be a T1-space and f :X → Y be the fibrewise product of closed
peripherically compact maps fα :Xα → Y , α ∈ A. It follows from Proposition 3.5 that
f is peripherically compact.
Let F be a closed subset of X and y /∈ fF . This means that
F ∩
(
f−1y =
∏
{f−1α y: α ∈A}
)
= ∅.
The spaces Cα = Frf−1α y, α ∈A, are compact and so we can find a finite subset B of A
and nbds Oα of Cα, α ∈ B, such that
F ∩
(∏
{Oα: α ∈ B} ×
∏
{Xα : α ∈A \ B}
)
= ∅.
Since (
Intf−1α y ×
∏{
Xβ : β ∈A \ {α}
})∩X
⊂
∏
{f−1α y: α ∈A} = f−1y, α ∈A,
the nbdU =∏{Oα∪ Intf−1α y: α ∈ B}×∏{Xα: α ∈A\B} of f−1y does not intersect F .
Now we can take a nbd V of y such that f−1α V ⊂ Oα ∪ Intf−1α y, α ∈ B. Then
f−1V ⊂X ∩U ⊂X \F . 2
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Remember that a point x of a space X is a q-point if there exist nbds Ui of x, i < ω,
such that
every sequence xi ∈X, xi ∈ Ui, i < ω, has a cluster point in X. (∗)
A space is called a q-space if all of its points are q-points. It can be easily seen that
x ∈ X is a q-point if there exist a countably compact set C ⊂ X and its nbds Ui, i < ω,
such that x ∈ C and for every nbd U of C there exists an i < ω with Ui ⊂ U . Thus all
M-spaces in the sense of Morita [12,13], and all spaces of countable type (in particular, all
1st-countable spaces and all ˇCech complete spaces) are q-spaces.
Also, recall that a space X is said to be isocompact if every closed countably compact
subset is compact.
Corollary 3.7. Let Y be a regular T1- and q-space, the continuous maps fα :Xα→ Y, α ∈
A, be regular, prenormal, closed and all the fibers f−1α y , y ∈ Y , α ∈ A, be isocompact.
Then the fibrewise product of fα , α ∈A, is closed and peripherically compact.
Proof. In Theorem 5.4 and Corollary 5.5 it will be proved that under the above hypothesis,
the maps fα , α ∈A, are peripherically compact. 2
Corollary 3.8. Let Y be a regular T1- and q-space and all the maps fi :Xi→ Y , i < ω, be
MT-maps. Then the fibrewise product of fi , i < ω, is a peripherically compact MT-map.
4. MT-map preimages of metrizable spaces
In this paragraph we give an internal characterization of those spaces that can be mapped
by an MT-map onto a metrizable space.
Definition 4.1. A map f :X → Y is called a Moore map if it is T3 and has an f -
development.
Definition 4.2. A T3-space X is called a DT -space if there exists a sequence {Gn: n ∈ ω}
of open covers of X such that:
(1) for each n < ω, Gn+1 star refines Gn;
(2) the sequence {St(x,Gn): n < ω} is a base for Cx =⋂n<ω St(x,Gn), that is every
open set containing Cx contains some St(x,Gn);
(3) for every x ∈ X there exists a sequence {Wn(x): n < ω} of open (in X) covers of
Cx such that for every y ∈ Cx and every nbd U(y) of y in X, there exists an n < ω
such that y ∈ St(y,Wn(x))⊂U(y).
If (3) is strengthened to
(3)∗ property (3) plusWn+1(x) star refinesWn(x)∧ (⋃Wn+1(x)) for every n < ω and
every x ∈X,
then the space X is said to be an MT-space.
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Theorem 4.3. A T3-space X is a DT -space if and only if there exists a metric space M
and a Moore map f of X onto M .
Proof. It is a well known result that from property (1) follows the existence of a pseudo-
metric ρ on X with the following properties:
(i) ρ(x, z)= 0 if and only if z ∈⋂n<ω St(x,Gn), and
(ii) the set U is open in the topology generated by ρ if and only if x ∈U ⇒ St(x,Gn)⊂
U for some n < ω.
We now define an equivalence relation on X as follows: x ∼ z if and only if ρ(x, z)= 0.
Let Y be the quotient space X/ ∼ and define the function d :Y × Y → R+ by d(x˜, z˜) =
ρ(x, z). It is not difficult to check that d is a metric on Y . We are left to show that the
quotient map f :X→ Y is an Moore map. Since f−1Bd(x˜, ε)= Bρ(x, ε) and Bρ(x, ε) is
open in X by (ii) above, we have that f is continuous. Also, since by the construction of ρ
we have that Bρ(x,1/2n+1)⊂ St(x,Gn), we get from property (2) that f is a closed map.
Finally, from the fact that for an arbitrary y = x˜ ∈ Y ,
f−1y =
⋂
n<ω
St(x,Gn),
from (3) we have that f has a y-development. Therefore, f is a Moore map.
The converse is not difficult to prove and follows directly from the definitions. 2
Theorem 4.4. For a T3-space X the following are equivalent:
(1) the space X is a paracompactDT -space;
(2) the space X is an MT-space;
(3) there exists a metric space M and an MT-map f of X onto M .
Proof. (1) ⇒ (2) follows from the fact that property (3) of Definition 4.2 can be
strengthened to (3)∗ by the paracompactness of X. (2) ⇒ (3) follows from the fact that
if X is an MT-space, the map f constructed in the proof of Theorem 4.3 is an MT-map.
Finally, for (3)⇒ (1), we only need to show that X is paracompact, and this follows from
the already mentioned result that the paracompact preimage of a paracompact space is
paracompact [3]. 2
As is seen above, the definition of MT-spaces follows on the same lines as that of
paracompactM-spaces [12,13]. As we shall see later neither of these classes are contained
in each other. For the moment let us stop to consider spaces which are at the same timeM-
and MT-spaces.
Definition 4.5. A spaceX is said to be a CMT-space if it is the compact MT-map preimage
of a metric space.
Note that a CMT-space is an M-space and also an MT-space (and so paracompact T4
and 1st-countable). The next proposition shows that the converse is also true, that is a space
X which is an M- and MT-space is also a CMT-space. Example 2.21 gives a CMT-space
which is not metrizable.
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Proposition 4.6. If a space X is an M- and MT-space then it is also a CMT-space.
Proof. The following result is known: If the maps f1, f2, . . . , fk , where fi :X→ Yi are
closed, Y1 is a T1-space and Y2, . . . , Yk are T3-spaces, then the diagonal f = f1 M f2 M
· · ·M fk is closed (see, for example, [5, Proposition 2.3.30]).
Therefore, if f1 :X→ M1 is an MT-map and f2 :X→ M2 is a compact map, then
f1 M f2 :X→ M1 ×M2 is a compact map. It is also not difficult to see that it has an
f1 M f2-development and so is a compact MT-map. 2
We now turn to products of CMT-spaces.
Proposition 4.7. If the spaces Xn, n < ω, are CMT-spaces then the product
∏
n<ω Xn is
also a CMT-space.
Proof. Let fn :Xn→Mn be compact MT-maps onto metrizable spaces. It is known that
the product map
f =
∏
n<ω
fn :X =
∏
n<ω
Xn→M =
∏
n<ω
Mn
is a compact map (see, for example, [5]). We will now show that for an arbitrary point
y = {yn} ∈M , the map f has a countable y-base.
Let Wn = {Wn(k): k < ω} be a countable yn-base for the map fn and consider
the collection W = {∏n<ω Wn: Wn 6= Xn for only a finite number of indices, in which
case Wn = Wn(kn) ∈Wn}. This collection is a countable collection of open sets in X.
We now show that it is a y-base. Take an arbitrary open nbd V of a point x = {xn} ∈ X,
where x ∈ f−1y . There exists a canonical nbd U =∏Un of x such that x ∈U ⊂ V . Then
Un 6= Xn for only a finite number of indices, say n(1), . . . , n(s). Let Wn(p)(kn(p)) and
On(p)(yn(p)) ∈N(yn(p)) be such that xn(p) ∈Wn(p)(kn(p))∩f −1n(p)On(p)(yn(p))⊂Un(p) for
p = 1, . . . , s. Then we get that x ∈∏Wn ∩ f−1∏On ⊂ U , where Wn(p) =Wn(p)(kn(p))
and On(p) =On(p)(yn(p)) whenever n= n(p) for some p = 1, . . . , s, otherwise Wn =Xn
and On =Mn. This shows that the collection W is a y-base for the map f and so by
Theorem 2.18, f is an MT-map. 2
The proof of the above proposition follows from the fact that if fn, n < ω, are compact
MT-maps, then so is the product
∏
n<ω fn. This is not the case for MT-maps. Consider the
following example:
Example 4.8. Let f1 = idR :R→ R and f2 :R→ {0} ⊂ R, that is f2 is a constant map.
Then f1 and f2 are MT-maps but f1 × f2 :R×R→ R× {0} is not a closed map (and so
is not an MT-map).
Note that in the above example R×R is still an MT-space. This leaves us with the open
question of whether the product of two MT-spaces is an MT-space.
Next, as mentioned above, we show that the class of MT-spaces and the class of
paracompactM-spaces are distinct from each other and none of the two contains the other.
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Any compact space which is not 1st-countable (for example, βN or the LOTS [0,ω1]), is a
paracompact M-space (≡ paracompact p-space) which is not an MT-space. We now give
an example of an MT-space which is not an M-space.
Example 4.9. Let Ω = [0,ω] and R have the usual order and let X = R × Ω have
the lexicographic order. Let the topology of X be the order topology plus the following
sets as open {[(y,ω),→[ : y ∈ R}. Thus X is a GO-space. Consider the projection
f = prR :X→ Y = R, that is f (y,n) = y . One can see that for every y ∈ Y we have
that f−1y is a discrete countable space Ωd(y). It is clear that f is continuous.
Let us show that f is a closed map. Let F be closed inX and say y ∈ Y , y /∈ f (F ). Then
f−1y ∩ F = ∅ and so there exists a y1 < y with ](y1,0), (y,1)[∩F = ∅ and a y2 > y with
](y,ω), (y2,ω)[∩F = ∅. This implies that y ∈]y1, y2[⊂ Y and ]y1, y2[∩f (F ) = ∅ and
so f is closed.
Since f is a closed T3-map with finally compact fibers, it is a Lindelöf map and so is
paracompact [3]. This also shows that X is a Lindelöf space (one can also show that X has
a σ -minimal base and so is hereditary paracompact). To show that f is an MT-map we
are left with constructing a y-development for an arbitrary y ∈ Y . Let y ∈ Y and consider
Ωd(y). For each k < ω we construct an open (in X) cover Gk(y) ofΩd(y). Let us consider
the following cases:
(i) for (y,n) ∈Ωd(y), 0< n< ω let Uk((y,n))= {(y,n)},
(ii) for (y,0) ∈Ωd(y) let Uk((y,0))= ](y \ 1/k,ω), (y,0)], and
(iii) for (y,ω) ∈Ωd(y) let Uk((y,ω))= [(y,ω), (y + 1/k,0)[.
Now let Gk(y)= {Uk((y,n)): 06 n6 ω} and let G(y)= {Gk(y): k < ω}. It is not difficult
to see that G(y) is a y-development and so f is an MT-map and X an MT-space.
We now show that X is not an M-space. We do this by showing that if X is an M-space
then it has a Gδ-diagonal, which would contradict the fact that X is not metrizable.
So, assume that X is a paracompact M-space, then there exists a compact (≡ perfect)
map g from X onto some metrizable space M . There exists a sequence {Hn: n ∈ ω}
of open covers of X such that: (i) for each n < ω, Hn+1 star refines Hn, (ii) the se-
quence {St(x,Hn): n < ω} is a base for Cx =⋂n<ω St(x,Hn) and (iii) Cx = g−1gx is
compact. Thus Cx ∩ Ωd(y) is finite for every y ∈ Y . We denote by H′n the open cover
of X obtained by taking convex components of all the elements of Hn. We further de-
compose H′n in the following way: (i) if the set U ∈ H′n and U = [(y,n1), (y,n2)],
0 < n1 < n2 < ω, then we decompose U into singleton sets {(y,n1)}, . . . , {(y,n2)} and
(ii) if the set U ∈H′n and U =](y1,∗), (y,n)], y1 < y , 0< n< ω, then we decompose U
into the sets ](y1,∗), (y,0)], {(y,1)}, . . ., {(y,n)}. Denote the new open covers byH′′n. We
now show that {H′′n: n ∈ ω} is a Gδ-diagonal sequence.
Take an arbitrary x ∈ X. Then x ∈ Cx =⋂St(x,Hn) and say x ∈ Ωd(yx). We will
consider three cases:
(i) if x = (yx, n), 0 < n < ω then, since Cx ∩Ωd(yx) is finite, there is a maximum
element (yx, nmax) and a minimum element (yx, nmin) in Cx ∩Ωd(yx). Take the
convex component of Cx containing x , and say it is [(yx, n′min), (yx, n′max)]. One
can now easily see that in this case there exists a k < ω such that St(x,H′′k )= {x},
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(ii) if x = (yx,0) and the maximum element in Cx ∩Ωd(yx) is (yx, nmax), then take
the convex component of Cx containing x , say [(yx,0), (yx, n′max)]. Then again, it
is not difficult to see that in this case we have
⋂
k<ω St(x,H′′k)= {x},
(iii) finally, if x = (yx,ω), there must be an nx < ω such that ](yx, nx), (yx,ω)[ ∩Cx =
∅. Then again, it is not difficult to see that ⋂k<ω St(x,H′′k)= {x}.
This shows that {H′′n: n < ω} is a Gδ-diagonal sequence which contradicts the fact that X
is not metrizable.
Finally, it is not difficult to see that a closed subspace of an MT-space is again an MT-
space but this is not true for an arbitrary subspace. This can be seen by proving that the
Sorgenfrey Line S is not an MT-space, since S is a subspace of the spaceX in Example 4.9.
That the space S is not an MT-space can also be deduced from the fact that an MT-space
with aGδ-diagonal is metrizable, which will be shown in the next paragraph. Still, we give
a direct proof of this fact as it is interesting in itself.
Proposition 4.10. The Sorgenfrey line S is not an MT-space.
Proof. We begin by showing that any metrizable subsetN of S is countable. The space S is
hereditary separable and so N is a separable metrizable space. Thus N is second countable
and any second countable subspace of S must be countable.
Say there exists an MT-map f :S→M , where M is a metrizable space. In particular,
for every y ∈M , f−1y is a closed metrizable subspace of S and so is countable. We next
show that for every y ∈M one can choose an xy ∈ f−1y such that there exists an cy ∈ S,
cy < xy with ]cy, xy[∩f−1y = ∅. For this we take any a, b ∈ f−1y , a < b. There exists
some c with a < c < b and c /∈ f−1y , which implies that [c, c+ ε[∩f−1y = ∅ for some
ε > 0. Consider the point x = inf{z ∈ f−1y: z > c + ε}. Since f−1y is closed in S we
have that x ∈ f−1y . By taking xy = x and cy = c we have that ]cy, xy[∩f−1y = ∅. Now
let P = {xy : y ∈M}, then P is an uncountable subset of S. We now show that P has a
development which would contradict the fact that it is not metrizable.
Consider the development {Wn = {Bρ(y,1/n): y ∈M}: n < ω} in M , where ρ is a
compatible metric inM . Let Gn = f−1Wn and let Ĝn be the cover consisting of the convex
components of all the elements of Gn. We now show that {Ĝn∧P : n < ω} is a development
for P .
Take an arbitrary element p ∈ P and let Up be any nbd of p in P , say Up = [p,q[∩P .
Let p ∈ f−1y(p), that is p = xy(p). One can take the element q such that q /∈ f−1y(p)
and so there exists a q ′ such that [q, q ′[ ∩f−1y(p) = ∅. For every x ∈ f−1y(p), x < p
we have that x < cy(p). In this case let Ux = [x, cy(p)[. For every x ∈ f−1y(p), p < x < q
takeUx = [x, q[. Finally, for every x ∈ f−1y(p), x > q (and so x > q ′) take Ux = [x,→[.
Now denote by
V =
⋃{
Ux : x ∈ f−1y(p)
}
,
this is an open set containing f−1y(p). Since f is closed, there exists a k < ω such
that f−1y(p)⊂ f−1St(y(p),Wk)⊂ V . Therefore, p ∈ St(p, Ĝk)⊂ [p,q[. Consequently,
{Ĝn ∧ P : n < ω} is a development for P . 2
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5. MT-maps and the Gδ-diagonal
In this paragraph we give some results connected with MT-maps and the Gδ-diagonal.
In particular, as a corollary to our results, we have that an MT-space with a Gδ-diagonal
is metrizable. This result can also be deduced from a result obtained in [2], namely that a
normal space X with aGδ-diagonal is metrizable if it is the preimage of a metrizable space
under a closed, continuous map having metrizable fibers (cf. Example 2.22).
Lemma 5.1. Let a continuous map f :X→ Y be regular, y ∈ Y and a collection of points
xi ∈ f−1y , i < ω, be discrete in f−1y . Then there exist disjoint nbdsGi of xi in X, i < ω.
Proof. By the regularity of f , we can find disjoint nbds Vi of xi and Wi of {xj : j < ω,
j 6= i} in X, i < ω. Then the nbds G1 = V1, Gi = Vi ∩⋂{Wj : j < i}, i > 1, are the
desirable nbds since Gi ∩Gi+k ⊂ Vi ∩Wi = ∅, 16 k. 2
Lemma 5.2. If in addition to the conditions of Lemma 5.1, Y is a T1-space and f is
prenormal then we can find a nbdO of y and nbdsHi of xi, Hi ⊂ f−1O , i < ω, such that
the collection {Hi: i < ω} is discrete in f−1O .
Proof. Since the set F = {xi : i < ω} is closed in X and G =⋃{Gi : i < ω} is its nbd,
there exists a nbd O of y and disjoint nbds H of F and U of f−1O \G in f−1O . Then
the nbds Hi =H ∩Gi of xi , i < ω, form the desirable collection. 2
Lemma 5.3. If in addition to the conditions of Lemma 5.2, Y is regular then we can
assume the system {Hi: i < ω} to be discrete in X.
Proof. Indeed, if V is a nbd of y and [V ] ⊂O then we can takeHi ∩f−1V instead ofHi ,
i < ω. 2
Theorem 5.4. Let a continuous map f :X→ Y be regular, prenormal and closed and Y
be a regular T1- and q-space. Then f is peripherically countably compact.
Proof. Suppose that there exist y ∈ Y and a discrete in Frf−1y collection of points xi ,
i < ω. Take nbds Oi of y , i < ω, having property (∗). By Lemma 5.3, we can take a
discrete in X collection of nbds Hi of xi , i < ω. Since xi ∈ Frf−1y and Y is a regular
T1-space, we can find ti ∈Hi and nbds Vi+1 of y , i < ω, such that
f t1 ∈O1 \ {y}, [Vi+1] ⊂Oi+1 \ {f t1, . . . , f ti}, f ti+1 ∈ Vi+1 \ {y}, i < ω.
Then the set A = {ti : i < ω} is discrete in X, fA has a cluster point t and, evidently,
t ∈⋂{[Vi+1]: i < ω}. Thus t /∈ fA and so the set fA is not closed. But this contradicts the
discreteness of A and the closedness of f since [A] ⊂⋃{f−1f ti : i < ω} = f−1fA. 2
Corollary 5.5. Under the conditions of Theorem 5.4, if all the fibers are isocompact (in
particular, metrizable) then f is peripherically compact.
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Since any MT-map is closed, regular, prenormal and all of its fibers are metrizable we
have:
Corollary 5.6. Let f :X→ Y be an MT-map and Y be a regular T1- and q-space. Then
f is peripherically compact.
Below, for a continuous map f :X → Y and E ⊂ Y , we denote by If (E) =⋃{Intf−1y: y ∈ E} and by Y0 = {y ∈ Y : Intf−1y 6= ∅}. We say that If = If (Y ) has
property P if it contains an Fσ -set F such that F ∩ f−1y 6= ∅ for every y ∈ Y0. Note that
if the space X is perfect then If has property P .
Lemma 5.7. If f :X→ Y is an MT-map from a space X with a Gδ-diagonal onto a
metrizable space Y , then If has property P .
Proof. From Corollary 5.6 we have that f is peripherically compact. Choose a point x(y)
for every y ∈ Y0 and consider the subspace X0 = (X \ If ) ∪ {x(y): y ∈ Y0}. Then X0 is
closed in X and f0 = f |X0 is a perfect map from X0 onto Y . Therefore, the subspace X0
is an M-space with a Gδ-diagonal and so is metrizable. Thus F = {x(y): y ∈ Y0} is an
Fσ -set in X0 and so in X. 2
Lemma 5.8. If a continuous map f :X→ Y is closed and the set If has property P , then
f If is the union of a countable collection of closed and discrete in Y sets.
Proof. Let F ⊂ If satisfy the hypothesis of the lemma. Then F is the union of closed in
X sets Fi , i < ω. Let Di = fFi . Then Di , i < ω, are closed in Y and for every E ⊂Di ,
the sets G= Fi ∩ f−1E = Fi ∩ If (E) and Fi \G= Fi ∩ f−1(Di \E)= Fi ∩ If (Di \E)
are open in Fi and so are closed in it and in X. Consequently, E is closed in Di . We have
just proved that f If = fF =⋃{Di : i < ω} and that Di , i < ω are closed and discrete in
Y . 2
Let us recall that a space X is perfect if every open subset of X is an Fσ -set.
Corollary 5.9. If a continuous map f :X→ Y is closed and the space X is perfect then
f If is the union of a countable collection of closed and discrete in Y sets.
Proposition 5.10. Let a continuous map f :X→ Y be closed and peripherically compact,
all of its fibers be metrizable and If has property P . Then there exist a metrizable space
M and a perfect map g :X→ Y ×M such that f = p ◦ g (where p is the projection of
the product Y ×M onto its factor Y ), gIf ∩ g(X \ If ) = ∅ and the restriction g|If and
p|g(X\If ) are topological embeddings.
Proof. By Lemma 5.8, the set D = f If is the union of closed and discrete in Y sets Di ,
i < ω. Let Ii = If (Di). Evidently, the spaceKi = f−1Di is closed in X and is metrizable.
Let %i be some metric on Ki such that %i(f−1y,f−1y ′) > 1 if y, y ′ ∈Di , y 6= y ′.
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Let Mi = {Oi} ∪ Ii and take the system of all open in Ii sets and the sets Oin =
{Oi} ∪ Iin, where
Iin =
{
x ∈ Ii : %(x,Ki \ Ii)6 1
n
}
, n < ω,
as a base of the topology in Mi . It is clear that Mi is a regular T1-space with a σ -locally
finite base and so Mi is metrizable. Evidently, the map ϕi :X→Mi coinciding with the
identity map of Ii on Ii and with ϕix =Oi for all x ∈X \ Ii is continuous.
Let g :X→ Y ×M , where M =∏i<ω Mi , be the diagonal product of f and ϕi , i < ω.
Then g is continuous. Note that the space M is metrizable. Let p be the projection of
the product Y × M onto its factor Y . It is not difficult to see that g|If and p|g(X\If )
are embeddings. Evidently, the fibers of g are either singleton sets or coincide with the
boundaries of fibers of f and so are compact. It remains to prove that g is closed.
Let z ∈ Y × M and V be a nbd of g−1z. We must find a nbd W of z such that
g−1W ⊂ V . If pz ∈ Y \ fX then we can take W = p−1(Y \ fX). If pz ∈ fX \D then
f−1pz= g−1p−1pz= g−1z⊂ V . By the closedness of f , we can find a nbdU of pz such
that f−1U ⊂ V . Then we can put W = p−1U . Finally, let pz ∈Di for some i < ω. Then
V ∪ Intf−1pz is a nbd of f−1pz and so there exists a nbd U of pz such that f−1U ⊂ V .
We can assume that U ∩ Di = {pz}. Since the space Frf−1pz is compact, there exists
n < ω such that Iin ∩ f−1pz ⊂ V . Then we can take W = p−1U ∩ q−1i Oin, where qi is
the projection of the product Y ×∏i<ω Mi onto the factor Mi . 2
Corollary 5.11. A perfect MT-space is a CMT-space.
Corollary 5.12. A countable product of MT-spaces having property P is a CMT-space.
Since the product of an M-space and a metric space is an M-space and the preimage of
an M-space under a perfect map is an M-space we have the following result.
Corollary 5.13. If f :X→ Y is an MT-map onto a T1- andM-space and If has property
P (in particular, if X is perfect) then X is also an M-space.
Finally, since a TychonoffM-space with a Gδ-diagonal is metrizable, we have:
Corollary 5.14. An MT-space with a Gδ-diagonal is metrizable.
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